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Abstract—State estimation is one of the key requirements in
robot control, which has been achieved by kinematic and dynamic
models combined with motion sensors in traditional robotics. How-
ever, it is challenging to acquire accurate proprioceptive informa-
tion in soft robots due to relatively high noise levels and hysteretic
responses of soft actuators and sensors. In this article, we propose
a method of estimating real-time states of soft robots by filtering
noisy output signals and including hysteresis in the models using a
Bayesian network. This approach is useful in constructing a state
observer for soft robot control when both the kinematic model
of the actuator and the model of the sensor are used. In our
method, we regard a hysteresis function as a conditional random
process model. We then introduce a dynamic Bayesian network
composed of the actuator and the sensor models of the target
system using distribution hysteresis mapping. Finally, we show that
solving a Bayesian filtering problem is equivalent to suboptimal
state estimation of the soft system. This article describes two ways
for defining modeling and filtering; one is by Gaussian process
regression combined with an extended Kalman filter, and the other
is based on variational inference with a particle filter. While the first
approach relaxes the uncertainty level in modeling to Gaussian, the
second approach illustrates a general probability distribution. We
experimentally validate the proposed methods through real-time
state estimation of a sensor-integrated soft robotic gripper. The
result shows significant improvement in state estimation compared
to conventional estimation methods.

Index Terms—Hysteresis analysis for soft robots, modeling,
control, and learning for soft robots, model learning for control,
probability and statistical methods.

I. INTRODUCTION

OFT robots take great advantage of their structural compli-
S ance for safe interaction with environments, which enables
them to address a wide range of challenges that traditional
robots have not been able to deal with [1]-[4]. However, it is
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challenging to analyze soft robotic systems using conventional
methods since they have additional properties, such as conti-
nuity and hysteresis, which have not been considered in the
rigid-body kinematics and dynamics [4]-[6]. To address this
issue, researchers have tried to model end-to-end relations of soft
systems using black-box models based on deep learning. They
have also tried to model the internal kinematics of soft structures
using continuum mechanics with characterization of viscoelas-
tic behaviors of soft materials. In deep learning, hysteresis
and nonlinearity are analyzed by using time-correlated neural
networks. For hysteresis, a recurrent neural network (RNN),
a long-short term memory (LSTM), or a time delay artificial
neural network (TDANN) has been employed to model temporal
relations [7]-[17]. Meanwhile, the use of continuum mechanics
has focused on modeling the internal kinematics of soft materials
using approximation methods, such as viscoelastic models, the
elastic rod theory, or the finite element approximation [ 18]-[25].
Constructing a model of a soft robot improves the accuracy of
state estimation or control of the robot in real time. In particular,
rather than using a single model for estimating states, using both
actuator and sensor models, based on their kinematics/dynamics
and the observation model, respectively, is effective in improving
the estimation accuracies, which is called a state observer (e.g.,
Luenberger observer [26]). However, the models cannot be
always accurate, since sensor signals may contain noises, and
actuator outputs are susceptible to perturbations. An inaccurate
model for a state observer, thus, may lead to instability or diver-
gence of the system. One solution to improve the model accuracy
in state estimation is to use a probability distribution model,
in which the model contains information on the uncertainty
variance level (e.g., Kalman filter [27]). Despite various existing
methods, constructing a distribution model with a state observer
for a soft robot has been rarely studied, since incorporation of
both nonlinearity and hysteresis in modeling is not only tedious
but also complex, requiring building of distribution models.
Therefore, we propose a method of designing a state ob-
server based on a data-driven distribution model to improve
the accuracy of state estimation in physically soft systems.
We have two main goals in this article. First, we develop a
skeleton theory for distribution modeling of soft robots, capable
of characterizing both hysteresis and nonlinearity. By expressing
hysteresis as a first-order Markov chain, we derive the model of
the actuator kinematics and the sensor as random processes.
Second, we merge two data-driven models, the actuator model
that constructs the relations between the actuator input and the
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Fig. 1.  Overall concept of probabilistic modeling and Bayesian filtering of soft
robot. We use both models of actuator kinematics and sensor dynamics to im-
prove the accuracy of the state estimation. The models are constructed to handle
nonlinearity and temporal correlation of hysteresis in the sense of probabilistic
data-driven function. We can handle both Gaussian and non-Gaussian noises
using Gaussian process regression with extended Kalman filter, and variational
inference with a particle filter, respectively.

state, and the sensor model that maps from the state to the sensor
output. These two pieces of information are mustered to derive
a dynamic Bayesian network (DBN). In this case, Bayesian
filtering works as a state observer to improve the estimation
accuracy.

Two ways of setting up the model and the filtering process
are also presented in this article. First, we limit the class of the
random process to be Gaussian. A Gaussian process regression
(GPR) [28] is used to construct the actuator’s kinematic model
and the sensor model. Given the GPR mean and covariance infor-
mation, an extended Kalman filter (EKF) is used as a filtering
algorithm. Second, we consider a general random process, in
which the model uncertainty may show a non-Gaussian behav-
ior. In this case, variational inference (Val) [29]-[31] constructed
with a neural network is used as a model, and a particle filter
(PF) is used as a filtering algorithm. Both methods were experi-
mentally evaluated using a PneuNet-type soft actuator integrated
with a soft sensor, and the result showed improvement in state
estimation compared to estimation with previous methods. The
method of GPR with an EKF allows for model brevity and
reduced calculation time compared to that of Val with a PF. In
the case of complex hysteresis, such as a multimodal behavior,
the Val with a PF is appropriate. The overall process of our work
is summarized in Fig. 1, and the contributions of this article are
as follows:

1) formulation of arandom process to model soft robots capa-

ble of characterizing hysteresis and handling uncertainty;

2) construction of a DBN for Bayesian filtering for improved

state estimation of a soft robotic system, which makes the
system robust against perturbations.

II. BACKGROUND

This section reviews recent work related to modeling and state
estimation of soft robot systems, followed by a short description
of Val and a discussion of uncertainty in soft robot systems
focused on when and where it appears during operation.
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A. Modeling and State Estimation of Soft Robots

Deep learning has recently been used to model physically
soft systems [16], [32], focusing on addressing the issue of
hysteresis, where certain learning techniques, such as RNNs,
LSTMs, or TDANNS, are suitable for extracting temporal cor-
relation from hysteresis. For example, RNNs and LSTMs have
been used to efficiently process proprioceptive information of
a soft actuator [7], or to localize contacts on tactile skin [12],
[13], [15]. TDANN and its variations have been employed for
high-level tactile sensing [8], [17] and model-based control [10].
In addition to end-to-end modeling approaches discussed so far,
LSTMs have been used to estimate the internal kinematics of
soft actuators based on proprioceptive sensor feedback [14].

Internal kinematics of soft systems based on more conven-
tional techniques, such as nonlinear system identification [33],
[34], control with expanded feature spaces [35], finite element
methods (FEMs) [18], [19], [22], and locally-segmented mod-
els [25], [36], [37], have been developed. Even creep effects of
nonrigid systems have been modeled using elastic, viscoelastic,
and hyperelastic rod theories [21]-[24].

State estimation can be done by a state observer in control.
A disturbance observer, a particular form of a state observer, is
effective in handling uncertainty that is one of the most common
issues in soft robot systems. A curvature model of a soft structure
has been used to design a disturbance observer for correcting
estimated states from learned data [38]. An FEM-based reduced
state observer has been implemented to a control algorithm of
a soft robotic arm [19]. A Kalman filter has been employed
for improved state estimation in dynamic modeling of a soft
inflatable robot [39].

Our approach uses deep learning to construct models of
actuator kinematics and sensor dynamics. By directly mapping
inputs to outputs, we can not only define the task of interest
easily but also reduce the number of input parameters. Although
it is possible to include uncertainties in modeling by employing
learning techniques, such as RNNs or ANNSs, that use statistical
methods of confidence test or check similarity values, these
methods can handle only a certain class of uncertainties (e.g.,
Gaussian) and need advanced processing for handling general
distribution [40]. Moreover, the input dimension of such cases is
too long for Bayesian filtering; the sequence length of the LSTM
used in [15] was 40 for example. In our method, the size of the
network input is only 3, which can be easily handled by a DBN.

B. Variational Inference

The Val method is used to model general probability dis-
tributions, even including non-Gaussian distributions. Let dis-
tribution p(x) be a complex distribution of our interest. We
define encoder p(z | ) and decoder p(x | z), where z is the
hidden feature of x, and both of them can be designed using
neural networks, as shown in Fig. 2. We assume that there
exists ¢(z) that can explain the encoder p(z | «). Then, we use
Kullback-Leibler (KL) divergence to express how much p and
q are different, which is always positive, i.e.,

Dir(q(z) [ p(z [ z)) = 0. )
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Fig. 2. (a) Latent variable model that consists of latent variable z, observable
x, connected with encoder p(z | ) and decoder p(z | z). (b) To maximize the
posterior, both KL divergence and variational free energy F'[g] are considered.

However, we cannot find the actual value of the measure of (1)
by direct calculation. We rather decompose the relation to

Dxi(q(2) [ p(z | ) = /ZQ(Z) logp(qz(z)x)dz

[ (o 10g L)
*/ZQ( Nos e T o) ¢

= Dkw(q(2) || p(2))

2

where p(z) is a prior distribution that can be arbitrarily deter-
mined, and Z is the set of all possible z. By minimizing (2),
we can find the approximation of the encoder p(z | z) as ¢(z).
Then, we obtain an inequality

logp(z) = E.q(z)[logp(z | 2)] = Dxrlq(2) [l p(2)) =: Flg]

3)
where the right side of the inequality is defined as a variational
free energy (F'[g]) or an evidence lower bound (ELBO). Max-
imizing F'[g] minimizes Dxy.(¢(z) || p(z | )) so that p(z | z)
can be approximated as ¢(z). As a result, if we sample z from
p(z), it will be similar to ¢(z) and also p(z | z), and the decoder
p(x | z) can express the complex distribution. Details on Val
can be found in [29].

C. Uncertainty in Soft Robot System

There exist various sources that induce uncertainties in mod-
eling soft robots. There are two types of uncertainties. One is
epistemic uncertainty in the model induced by limited dataset
or prior knowledge, while the other is aleatoric (i.e., statistical)
uncertainty due to external disturbances or system noises, some
of which cannot be inferred from training data [41]. In our
system, both types of uncertainties exist.

Uncertainty can occur by change of the physical properties
of the materials. Polymer materials are prone to aging. When
an actuator or a sensor is made of polymer, it needs time to
fully cure and to be chemically stable, and its property grad-
ually changes [42]. The internal bonding structure can also be
transformed if used over time [43]. Moreover, there always exist
variations in materials and manufacturing tolerances.

IEEE TRANSACTIONS ON ROBOTICS, VOL. 37, NO. 5, OCTOBER 2021

Uncertainty also exists in the operating hardware of soft
robots. A control system needs different hardware drivers de-
pending on the types of actuation mechanisms, which may show
different noise and accuracy levels. When a human user comes in
the loop of a soft robot system, as often can be seen in wearable
robots [8] and haptic devices [44], [45], the issue of uncertainty
becomes especially serious.

III. PROBABILISTIC MODELING OF HYSTERESIS FUNCTION

In this section, we construct a probability model to represent
hysteresis, y; = f(x¢_k.¢t), where 2,y € R are defined in ev-
ery time ¢, and Ty . := [T4_k, T4_k+1,---, 4] . Rather than
directly implementing previous methods of deep learning or
continuum mechanics to modeling of hysteresis, which typically
requires a large volume of input variables, we reduce the number
of inputs to lessen the computational burden during the filtering
process in our approach.

A. Mathematical Definitions and Assumptions

Throughout the article, we express the system (or function) in
a continuous space but in a discrete-time domain. If the system
is defined in a continuous-time domain, it can be converted to
a system in a discrete-time domain by sampling, provided that
aliasing does not occur. Let us think of a simple example of a
one-dimensional (1-D) hysteresis curve between input x € R
and output y € R, where z; denotes the value of x at discretized
time ¢ in this problem. Hysteresis is a causal mapping in which
the output y is dependent on both the entire past inputs of z,
which is .+, and the initial condition y; = f(x0.¢,y0) [46],
[47]. However, in this setting, the size of the input dimension
is different in every timestep. Thus, for modeling with simplic-
ity but without losing the generality, we made the following
assumptions to relax the condition.

Assumption 1: Hysteresis output y is dependent only on the
pastk + linputs of x satisfying ¢t > k,i.e., there exists a function
f: RFtL — R such that

Yr = f(Ti—pat). 4)

Assumption 2: The difference between two time-adjacent
inputs is bounded by some positive real-valued number p € R

Axy = ||$t+1 - iUtH <. (@)

Assumption 3: Hysteresis function y; = f(x4_k.) is lo-
cally Lipschitz with respect to z;_.;. In other words, for all

A B k+1
Tyl s Tl €R

1 (it e) = F@ )|l < Dl gy — o gl ©)

with Lipschitz constant L € R™.

Assumption 1 is necessary for modeling with simplicity that
limits the size of the input vector to k£ + 1, in which it is appro-
priate for general data-driven methods (i.e., neural networks)
to fix the size of the input. Assumption 2 limits the maximum
number of evolutions of the input variable, which is the dynamic
bandwidth. Assumption 3 confines the type of the hysteresis
function to a locally-Lipschitz type only.
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Fig. 3. Example trajectories of a hysteresis loops generated by the same

system, and its one-step evolution for two cases: increasing input (£¢41 > Z¢)
and decreasing input (Z¢41 < Z). If two different solutions for different input
sequences meet at a single point, i.e., (Z¢, 3¢ ) or (Z¢, J¢ ), the next input—output
tuple (Z¢41,Gt41) Or (T¢41,Je+1) lies within a certain interval.

B. Modeling of Hysteresis Function as Probability Box

We can visualize the abovementioned three assumptions on
a 2-D zy plane with two output trajectories from the same
system, as shown with A and B in Fig. 3. Each curve contains
the history of the inputs and the corresponding outputs from
the hysteresis function y; = f(x;_k.). If the two trajectories
intersects attime £ (i.e., ;' = Z and y{* = yP), the nextinputs
z{, ; and 22 | should be defined in the interval [z* — n, 2! + 7]
or [z2 —n, 2B + 7], based on Assumption 2. Then, even if the
output values of A and B at ¢ are the same (i.e., yf =yb),
and the next inputs are the same again (i.e., az{‘H = 15_1), the
outputs of A and B att + 1 can be different (i.e., yﬁH #* thfH),
since the inputs at the time interval [t — k, ¢ — 1] still influence
the outputs. Before we consider the difference between the two
outputs y;* ; and y7_;, we first define the difference of the inputs
over the k + 1 time interval

ket 1
AXy 1= Ty pp 141 — Tege € RFTL (7

We can show that the difference between v, and y, for any
trajectory is bounded, using the multidimensional mean value
theorem

lyes1 = well = I1f (@e—rs1:e41) — f@e—pae) |
= |Vf(xt—rt + aAxt) - Axe]|, Ja € [0, 1]
< AX| IV f(zt-k:t + cAxe)|
= VE + 1|V (20 ke + adxe)| ®)

where V f is the gradient of f. Finally, the difference between
the two outputs yg‘}H and yﬁrl can be derived by the result of (8)
and Assumption 3 as

Iy — vl
= Hf(xikJrl:tJrl) - f(x£k+1:t+1>||
= Hf(xikt + AX?) - f(xtBik:t + AX?)”

= Hf(xikt + AX?) - f(xikt)
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— f@f o + AXP) + f(al )l
<V + 1|V (7t oy + aAXP)|
+ |V f(xf o + BAXE))

<nvk+1(L+ M),3(a, ) €[0,1] 9

where L, M € R™ are the Lipschitz constants corresponding to
the trajectories A and B, respectively. The result shows that if
values of x, y¢, and x4 ; are identically defined for two different
solutions A and B of the hysteresis system y; = f(z_x.¢), the
distance between the two outputs [|y7} ; — y51 || is bounded by
the function of the maximum state evolution 7 and the time
dependency k. If £ = 1 or k = 2, or in other words, if there is
no hysteresis (i.e., y+ = f(x¢)) or a weak time dependency (i.e.,
ye = f(xe, x¢-1)), fixing ¢, y¢, and 2441 leads to the identical
solution, which is trivial. As a result, a hysteretic system y; =
f(x4—k.¢) can be expressed as a function of x;, z;_1, and y;_1
with a residual term ¢; which is bounded by nv'k + 1(L + M).
While the residual term ¢; is bounded, we can say that the
hysteresis can be expressed as a probability box or a random
process, which means that the reachable set of y;; with given
Yt, ¢, and x4 1 is compact (see Fig. 3)

ye ~p( | 2, 21, Y1) (10)

This probability distribution can be modeled with a function
approximator fy based on supervised learning methods. For
example, the most common probability distribution is Gaussian,
as represented by using a weight parameter 6 with a mean p and
a variance o

(1)

The final result infers that our proposed probabilistic settings
can be used as an a priori knowledge for modeling hysteresis.
This method is useful in that we can model hysteresis with a
single-input single-output (SISO) relation by using only three
input parameters and one output parameter for a probabilistic
point of view, compared to RNNs or TDANNSs that generally
have more than three inputs to model temporal correlations.

(/’[/yt70-yt) = fo(@e, 01, Y-1)-

C. Modeling of Soft Robot With Dynamic Bayesian Network

We now start modeling of a soft robot system that consists of a
soft actuator and a proprioceptive soft sensor. As we defined the
hysteresis function as a random process, the actuator kinematics
and the sensor outputs can be both modeled with probability
distributions like the expression in (10), given that both the
actuator and the sensor shows hysteresis in their outputs. The
kinematics model of the actuator defines the relation of the input
uy to the state x; of the actuator, and the sensor model defines the
relation of the state x, to the sensor output y,. The mathematical
representations of the two relations are

Tt41 Np(' \ «'L'tauhutfl)
(12)

Yo ~ 0 | Y1, 76, T1-1)
by reflecting (10).
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Fig.4. Forward kinematics and its sensor relation can be represented by using
a Bayesian network. Inputs u; are under the constraint of Assumption 2. The
goal of filtering is to estimate z+ given all the past inputs w, and outputs y,.

We can visualize these relations in a DBN, as shown in Fig. 4.
This network employs the assumption of a first-order Markov
chain, where each node of the Bayesian network depends only
on the previous nodes, not the nodes earlier than the previous
ones. Then, the joint distribution p(7) := p(uo.7-1, To.T, Yo.1)
can be expressed as

T-1
p(7) = p(x0)p(yo | wo)p(1 | w0, u0) [ [ plws)
i=0
T T
HIO(% | wiflauifl,ui—Q) Hp(yz \ yi—hmi»mi—l)-
i=2 i=1

13)

All the mathematical tools for modeling a soft robot us-
ing probabilistic representation are now ready. Obtaining each
probability density function is data driven. In other words,
we operate the system with random inputs, collect data, and
then approximate the probability density functions through deep
learning. Two different methods of modeling and filtering were
considered in this article, and they will be introduced in the
following two sections. In Section IV, we first study a case
in which the uncertainty is limited to Gaussian and model the
relation using GPR. We then estimate the states by applying an
EKF. In Section V, we study a general probability distribution in
which the uncertainty is non-Gaussian. In this case, Val is used
as a model to express a general histogram, and a PF to estimate
the state.

IV. MODELING AND FILTERING FOR GAUSSIAN-CLASS
UNCERTAINTY

We consider a special case in which uncertainties both in the
actuator and the sensor are Gaussian distributed. Then, we can
rearrange the variables in (12) into new state variables r; and ey,
which are defined as

T1,t+1 Ut
T2 t+1 | p(T’z,t+1|T1,t,T2,t,ut)
T3,t+1 T2t
T4,t+1 (7“4,t+1 |T2,t7 T3t 7“4,t)

(14)

€t = T4t

IEEE TRANSACTIONS ON ROBOTICS, VOL. 37, NO. 5, OCTOBER 2021

Fig.5. Forward kinematics and its sensor relation can be represented by using
a Bayesian network, but with introduction of the new state and the evidence
variable, r and e, respectively.

This leads to another DBN, shown in Fig. 5, still representing
the same system as (12). The complex DBN in Fig. 4 has
been significantly reduced to what we generally call a dynamics
model with an input and an output. Then, our new actuator model
and the sensor model are redefined as
rep1 ~ p( | e, w)
5)
et~ p(- | re).
A benefit of this new reduced model is the brevity in the
filtering equation as following:

p(TtJrl |61:t+1; Uo:t)
= ap(€t+1|7“t+1, €1:t, Uo:t)p(rt+1\€1:t, Uo:t)

= Oép(et+1|7’t+1, Uo:t)p(Tt+1|61;t, Uo:t)

ozp(et+1|rt+1)/p(rt+1|rt,emuo;t)p(rt\el;t,uO;t)drt
R

&p(€t+1|rt+1)/p(Tt+1|7“t,Ut)P(Tt|€1:t,u0:t—1) dry
R

Sensor Model Transition Model Filtering

(16)
where R is a reachable set of r;, and « is a normalization
coefficient.

If the current distribution, given with all the evidence p(r; |
e1.¢) and the actuator model p(r¢11 | 74, u;), is linear Gaussian,
the prediction given by

P(reg1 | €1, uo) = / P(re1 | 7o, u)p(re | 1, uo—1) dry
Prediction b
A7)
is also a Gaussian distribution. Likewise, if the prediction is
Gaussian and the sensor model p(e; | ;) is linear Gaussian, the
filtering result

p(T“t+1 | el:t+17UO:t) = ap(etJrl|Tt+1)p(rt+1‘61:t7uO:t) (18)

is Gaussian as well. Therefore, the assumption that the actuator
and the sensor models to be (linear) Gaussian distributions can
simplify the filtering algorithm, which is called an EKF. To
achieve this, the actuator and the sensor relations are modeled
with GPR to express a nonlinear function with a Gaussian-
distributed variance.
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The most important step in the filtering is linearization to use
an EKF. By implementing derivatives of the GPR result in each
corresponding state and linearization, we obtain the following
linearized system equation in a matrix form:

0 0 0 0
Aoy Aoy 0 0

0 1 0 0
Asor Aaze Aaay

3

T1,t+1
T9.t4+1 T2,t
T3,t+1 3.t

T4, t+1 0 T4t

Bst
+ T oue +
0ol " 0

0 0

19)

e = [0 0 0 1} + o, (20)

T3t

T4t

where A, ; and By ; are the first derivatives of GPR modeling
of (14) by their corresponding states. Here, ws and v are model
uncertainties induced from GPR modeling, and they are origi-
nated from the variance level of the GPR output. This variance
value contains the modeling error of p(ra41 | 71,¢, 72,4, Ut)
and p(ra, 41 | 72,0, 73,4, 74,1). Now, we can infer that the GPR
variance values show us how inaccurate the model is in a certain
region so that the EKF can compensate the error by its best
filtering, even if there exists a modeling error from our propo-
sition. The uncertainty level of r4 ; induced by the probability
distribution is moved to the sensor model in order to perform
the EKF.

V. MODELING AND FILTERING FOR NON-GAUSSIAN
UNCERTAINTY

We now consider a case in which uncertainty can be non-
Gaussian distributed. In general, the probability density equation
of a given probability box, thus, can have any complex form,
such as a multimodal distribution (i.e., the posterior distribution
of y;41 shown in Fig. 3). However, the global function approx-
imator (e.g., ANN) of the probability density equation can only
represent a limited number of probability classes (e.g., Gaussian
or Bernoulli distributions). Since Val with a new latent variable
is useful in complex statistical models, we introduce a latent
variable z following a well-known distribution, such as a normal
distribution, as shown in Fig. 6(a), and a structured conditional
distribution p(y: | o+, 2+—1,ys—1, 2) parameterized by 6 [48].
This parameterized distribution can be user defined, and we
choose a Gaussian distribution in this article. By marginal-
ization, the integral of the two well-known distributions can
produce a more complex probability density function as

p(yt \ LTty Tt—1, yt—l)

= /Pe(yt | 2,21, Y21, 2) P(2 | T, -1, Yp-1) dz. (21)
- Gaussian distribution
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Fig.6. (a)Giveninputs; := [mt,xt,l,yt,l]Tandtargetyt,encodernetwork

parameterized by ¢ and decoder network parameterized by 6 can be trained
by maximizing ELBO equation. (b) In real-time testing, encoder network is
removed and latent feature z is replaced by a predefined distribution.

If the probability distribution is trained by the maximum like-
lihood optimization, we can make the probability distribution
p(z | ¢, 241, y1—1) akin to the prior p(z), which can be our
choice, a normal distribution. A fully trained latent variable
distribution is then

P(yt | ‘Ttal‘t—laytfl)

~ /pe(yt | 2, 261,Y6-1,2) p(2) dz. 22
z ~~

N(0,1)

Gaussian distribution

Training this latent variable model uses general Val learning.

For simplicity of notation, let s; := [z, 241, v;1] . Then, the
ELBO of the log likelihood log p(y; | s;) is defined as [48]

log p(y; | i) >

Lo 23)

ELBO
with the ELBO of the ¢th data given as

L; = yEZdi,(z\si,yi)[lngH(yi ‘ Siaz) + lng(Z ‘ Si)]
+ H(po(2 | 5i, i)

= E.p,[logp(yi | si,2)] = Drcr(pg(2 | s5,9:) || p(2))
(24)

where E[-] and H are the expectation and the entropy of the
probability distribution, respectively. By applying gradient as-
cent to the ELBO cost function, we can now obtain the maximum
likelihood solution for the network parameterized by 6 and ¢
[see Fig. 6(a)]. At the time of testing, we should sample z from
z ~ p(z) and infer y from y ~ p(y | s;, 2) and then calculate
the marginal equation [see Fig. 6(b), (22)].

Now, we can derive the filtering equation for the generally
distributed model. First, the filtering equation can be divided
into two probability distributions using the Bayes’ theorem as
following:

p(It | Uo:t—hyo:t)
= ap(ye | e, Woi—1, Yo:r—1) (@4 | wo:t—1,Yo:e-1)  (25)

Prediction 3(x+)
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Algorithm 1: Particle Filter for DBN.

Initialize parameter settings B and W.
N is the number of samples to be queued.
By < sample N particles from the prior p(ro)
for each timestep ¢ do
Get the new input u; and current evidence y;
fori =1to N do
By[i] + sample 2441 from p(z¢41 | Be_1[i], e, ug—1)
Wi[i] + likelihood of p(y; | Byli], Be-1[i], ye—1)
end
Resample B; to generate a new population using W4, in
which each sample is selected from the current B;.
end

where « is a normalization coefficient.
Second, the prediction probability 5(x+) can be derived as

B(wt)

= P(%\Uo:tfl, yO:t—l)

I
T T

P(@t|Te—1, U015 Yort—1)D(Te—1|U0:t—1, Yort—1) dTe—1

p(xt|xt—1, Ut—1, Ut—2) p(If,—l |U0:t—27 yo:t—l) dzrs—y

Transition model Filtering

(26)
and the measurement update policy p(y:|x¢, wo.t—1,Y¢—1) as
P(Yelwe, ot -1, Yot 1)
:/p(yt‘xtvmt—lvuO:t—layO:tfl)
X
P(T-1]2e, w01, Yo:—1) dag 1
:/alp(ytmtaxtflayt—l)
X
P(Te-1, T U1, Yot 1) ds 1

= / [e51 P(yt\l’t, Tt—-1, yt—l) p(mt\xt—l, Ut—1, Ut—2)
X

Sensor model

Transition model

P(x—1|w0:t—2, Yo:t—1) dri—1 (27)

Filtering

where X is the reachable set of x;_1, and o is a normalization
coefficient. Although derivation of the filtering is straightfor-
ward, it is difficult to implement the direct integration in real
time. We, thus, use a sampling-based filtering algorithm, called
aPE

The PF algorithm is given in Algorithm 1. Let Ng(z; |
uo:+-1, Yo:t) be the number of samples occupying the state x;
given the evidence ¥g.; and the input ug.;—1. Then, for a large
number N, the following property holds:

1

—Ng(x | vost—1,Yo) =

N (28)

P(xt | UQ:t—1, yo:t)~
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The first step is to sample IV particles from the transition model
and the given previously filtered sample

Ns(xe41 | wost, Yo:t)

= ZP(%H | xtyuhutfl)NS(xt \ UO:t—lvyO:t)~ (29)

The next step is to give a weight to each samples by the likelihood
of the sensor model
W(zip1 | wout, Yo:t+1)
= pWer1 | Yo, o1, 26) Ns(wern | vor, Your)- (30)
Then, the following relation holds for the resampling step:

1

—N . .
N s(l‘t+1 | Uo.t,yo.t+1)

= oW (ze41 | woit, Yo:t41)

= ap(Yet1 | Yo Tet1, T¢) Ns (@1 | vout, Yo:r)

ZP Tyyr |-

Tt

=apisr1 |- ) Ns(xy | wo—1,yo:¢)

Sensor Model

Transition Model

ZP Tpy1 |-
ZP Tpy1 |-

Zp($t+1 | UO:tyZUO:t—i—l)

~aNp(yisr1 | - )p(xe | wo:e—1, Yo:r)

Z/t+1 | (xt | UO:t—layO:t)

(€29

where o and & are the normalization coefficients. This proves
the consistency of the PF method for the DBN.

VI. APPLICATION

We validated the proposed modeling and its probabilistic in-
ference method of filtering using a soft robotic system composed
of a pneumatic bending actuator and an embedded propriocep-
tive soft strain sensor.

A. Materials and Fabrication

A PneuNet-type bending actuator [49], [50] was fabricated for
experimentally validating the proposed modeling and filtering
algorithms. For estimating the tip position of the actuator, a
microfluidic soft strain sensor was embedded on the top side of
the actuator. For fabrication, the extensible and the inextensible
layers of the PneuNet actuator were separately molded first. Both
layers were made from room-temperature-vulcanizing (RTV)
silicone elastomer (Dragon-Skin 30, Smooth-On) by mixing
parts A and B with a weight ratio of 1:1 using a centrifugal mixer
(ARE, Thinky) and cured in a 60 °C oven for 20 min. The inex-
tensibility of the bottom layer was achieved by simply increasing
the layer thickness of the same material in the prototype instead
of adding a stiffer layer. The two layers were attached together
by pouring uncured silicone in between, and cured for 20 min.
For sensing, another layer of a microfluidic strain sensor with
eutectic gallium-indium (eGaln, Gallium 75.5%, and Indium
24.5% by weight) was fabricated [51]. The sensing layer was
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(b) PneuNet
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Fig. 7.

(a) Experimental setup that consists of a pressure regulator, a PneuNet soft actuator with an embedded eGaln soft sensor, and an RGB camera for tracking

the motion of the actuator. The camera tracks the position of two markers to calculate the orientation. (b) Side and top views of the actuator with an embedded
soft sensor. The camera collects the position of the markers and calculates the reference state x4 as an angle of the end-effector orientation relative to the vertical
axis. The black dashed line in the bottom figure indicates the configuration of an eGaln channel. The yellow dashed lines show the locations of the eGaln channels
aligned between air chambers. (c) Schematics of data acquisition setup for experiment. Compressed air is injected with predefined guide w¢, and the camera records

the state =+, and the voltmeter receives the sensor output y;.

made from RTV silicone elastomer (Ecoflex 00-30, Smooth-on),
whose stiffness was about eight times smaller than that of the
actuator so that the performance of the actuator is not affected
by the sensor. For fabrication of the sensor, uncured silicone
was poured in a 3D-printed (Objet30 Pro, Stratasys) mold with
amicrochannel pattern and cured in the oven. The microchannel
was then sealed by a thin flat silicone layer on top and then filled
with eGaln. Fabrication details for eGaln soft sensors can be
found in the previous work [51]. The complete sensing layer
was finally attached to the top extensible layer of the PneuNet
actuator by aligning the eGaln channels with the empty spaces
between air chambers to maximize the strain during actuation.
When the chambers of the actuator are pressurized, the entire
structure bends, and the sensing layer stretches, since it is placed
off the neutral axis [see Fig. 7(b)].

B. Experiments

The actuator prototype was fixed on a test bench and con-
nected to a pressure regulator (ITV2011-212BS5, SMC Corp.),
then connected to an air reservoir that can supply compressed
air up to 100 kPa. A red-green-blue (RGB) camera (LifeCam
Studio, Microsoft) was installed in front of the actuator for
recording the tip position of the actuator. The eGaln soft sensor
was connected to an external 50 € resistor with a 0.5 V power
source. Then, an analog-to-digital converter (ADC, USB-6211,
National Instruments) was installed between the eGaln sensor
and the external resistor as a voltage divider, and its output
voltage was recorded. All the data were gathered and saved
online, passing through the ADC, and finally to the laptop. A
digital low-pass filter with a Gaussian kernel of dynamic band-
width 0.1 was applied to the soft sensor output. The operating
frequency of the overall system was 25 Hz, and all the data were
processed through MATLAB (2019a, Mathworks) and Python.
A MATLAB support package for the visual tracking and the
Python Tensorflow framework (Tensorflow 1.0, with Graphics
Processing Unit NVIDIA GTX 1050) were additionally installed

for validation. The input u; is the pressure value of the regulator,
the state x; is the bending angle of the actuator, and the output
y¢ 1s the sensor signal from the soft sensor. The experimental
setup with the actuator prototype and its simplified schematic
are shown in Fig. 7.

Before operating state estimation, the actuator model p(2¢41 |
Xt, ut, ur—1 ) and the sensor model p(yy | y¢—1, T+, x+—1) need to
be trained. A dataset was collected by implementing a random
sequence input to the actuator system. The training and valida-
tion sequence input consists of multiple inflation and deflation
commands in the range of input pressures between 0 and 75 kPa.
First, periodic actuation commands were given to the actuator
with periods of 4, 6, 8, and 10 s. Second, inflation and deflation
were made randomly every 3 s targeting a pressure level of 40,
20, 60, 40, and 75 kPa. These combinations were applied to the
actuator five times in each command, and the final epoch was
used as the validation data [see Fig. 8(a)]. For variation in the
training dataset, 1% random noise was applied to the training
inputs. The overall volume of the training dataset was 28 000.

The training datasets satisfy the two conditions that we de-
rived in the modeling section. First, the difference between two
time-adjacent inputs should be bounded according to Assump-
tion 2, in which its specific value of 17 was 0.018 for the actuator
model and 1.128 for the sensor model. Second, each model
should be locally Lipschitz by Assumption 3, and its Lipschitz
constant L was 2.874 and 0.143 for the actuator kinematics and
the sensor model, respectively.

Then, the actuator kinematics and the sensor dynamics were
trained by two different types of learning methods: GPR and
Val. GPR was for the Gaussian assumption, and the Val was for
the general case.

The performance of each algorithm was evaluated by esti-
mating the state given the test input signal, which consists of
three parts: a triangle wave with varying peak amplitudes, a
mixture of sine waves with different frequencies, and a sine
wave with a perturbation offset (Tests 1, 2, and 3 in Fig. 8(b),
respectively). The test input signal was also applied to existing
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Fig. 8. Single loop of train and test data. (a) Train input of a single step.

(b) Test input pressure to the soft actuator. (c) Actuator state as a curvature
angle. (d) Output of the eGaln sensor. The red curve in (b) indicates the nominal
input. While the actual input was the blue line, the red colored line is given to
the user.

calibration and filtering methods. First, a simple polynomial
fitting that maps between the input u; and the state x; was
used. Second, a conventional state-space (SS) approach was
used with an EKF. The actuator model z; = f(x;_1,u;) and
the sensor model y; = h(x;) was constructed with a GPR and
an EKF was implemented to filter the signal. Third, an RNN
was used to express the hysteresis, previously proposed by
other groups [12], [14], [15]. Fourth, a GPR mapping from
{ug, ug_1, 241} to x4, a feedforward estimation of our proposed
hysteresis mapping, was applied to compare the single-model
estimation and the Bayes’ filtering. The evaluation criteria for the
test input is the normalized root-mean-squared error (nRMSE),
which is normalization of the root-mean-squared difference of
the reference state x..r from the estimated state z via filtering,
ie.,

\/% E?:l(l’zyest - xi,ref)2

max(Tper) — Min(Trer)

nRMSE = (32)

Fig. 8 shows a single loop of training and test case, each
representing the input, the state, and the output.

IEEE TRANSACTIONS ON ROBOTICS, VOL. 37, NO. 5, OCTOBER 2021

C. GPR and Val Settings

The input pressure, the tip position of the actuator from the
camera, and the sensor output were recorded at a sampling rate of
25 Hz. After gathering the training dataset, they were reclassified
to train the actuator and the sensor models.

The GPR model training was first implemented by optimizing
the target hyperparameters of the kernel function and the noise
level. A Gaussian process is a collection of finite joint Gaussian-
distribution random variables, where a real process f () is given
as

f(@) ~ GP(m(z), k(z, "))
m(z) = E[f(z)]
k(z,a') = E[(f(x) = m(x))(f(2') — m(z))]

where £ is the kernel function. The posterior distribution, given
the training data D, can be written as

f1D~GP(mp(z),kp(z,2'))
mp(z) = k(X,2)T (K +02) " (y — m)
kp(z,2') = k(z,2') — k(X,2)T (K + 02) 'k(X,2") (34)

(33)

where o, is the designated noise covariance, X is the training
input dataset, and x is the test input. mp and kp are the mean
and the covariance functions, respectively, when the dataset
D is given. K is equivalent to k(X, X), and K(X,-) is the
kernel covariance matrix, given all the training input dataset
X. Therefore, the estimated value Y’ for the new input X'
is the value obtained by plugging X’ into the mean function
of the input, and the uncertainty is the value assigned to the
covariance function. Our goal is to maximize the log likelihood
of the marginal given the constant basis, i.e.,

1 _
logp(y | X) = —5y (K +031)"'y
1 (35)
— §log | K 4 021 | —glogQﬂ'.

For the GPR setting, we used an automatic relevance de-
termination squared exponential function as a Kernel with a
constant basis. The optimization of (35) was conducted by the
quasi-Newton convex optimization algorithm.

Training a latent variable model was implemented next by
optimizing the ELBO equation of the given dataset. The ELBO
consists of two parts: a log likelihood of the decoder network
(shown in Fig. 9, which generates the output x,; given the
inputs s; := [z, us—1, u;] and the latent variable z sampled from
the normal distribution (i.e., N(0,1)) and the KL divergence
between the encoder probability network and the nominal p(z),
as follows:

‘Ci = EZdiYI(Z‘St‘iVTt*,lJ) 1ngd,1(xt+1 ‘ St,iy Z))

Decoder Network Loss

—DkL(Pe,1(2 | St,5, Te41,1) || (2 | 5¢,4)) (36)

Encoder Network Loss
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(a) Training Step
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Fig. 9. (a) Training process of Val for system dynamics model. The blue-
shaded box is an encoder, which attempts to find the distribution of the latent
feature and adjust weights to make the latent feature distributed to be normal
distribution. The red-shaded box is a decoder, which gathers the training input
(s¢) and the sampled feature z and returns the estimated training output (x4 1)
and adjust weights for appropriate prediction. The network consists of two
hidden layers having 250 and 60 hidden features, respectively. (b) During the test
time, the feature z is sampled from the normal distribution since the distribution
of z is trained to be the same as A/(0, 1) due to (3).

Maximization of the log probability of pg ;, which is from the
generative network, is supervised learning given the input s ;
and the output z;; ;, where minimizing the KL divergence
is an encoding process with the latent variable similar to the
normal distribution. A reparameterization trick was used to
sample the latent variable z from the output of the inference
network. The dimension of the latent variable was 10, which was
normal distributed. The graphical representation of the training
dynamics network is shown in Fig. 9. Both the actuator and the
sensor networks were trained using minibatch gradient descent
(batch size = 256) in Adam optimizer (i.e., a stochastic gradient
descent method capable of dynamic gradient rescaling and bias
correction [52]) for 2500 epochs with checking its performance
of the validation dataset, and conditionally activate early stop-
ping to avoid overfitting. The network consists of two hidden
layers, in which the hidden units were 250 and 60, respectively,
each followed by a rectified linear unit activation layer. The
network’s base learning rate was 107, and it decayed every
100 epochs with a ratio of 0.99. All the hyperparameter settings
for neural networks were determined by the brute force (i.e.,
attempt to train with various combinations of hyperparameters
and choose the best one).

The same procedure was also applied to train the sen-
sor model, in which the input and the output were §; :=
[t, yt, ©¢41] and yz4 1, respectively.
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D. Results

Fig. 10 shows the test result. The test input signal consists of
a linear (Test 1) and a sinusoidal (Test 2) inputs, and the input
signal was perturbed with an offset of 8% (equal to 5 kPa, which
is the maximum offset level that does not exceed the variance
level of the state refers to a nonperturbed results) from the current
value. Fig. 10(a) through (f) shows the output states estimated by
six different methods and their corresponding hysteresis curves.
The nRMSE values, summarized in Table I, indicate the error
levels of the six cases.

The result shows that the two proposed methods, GPR with
an EKF and Val with a PF, achieved better performances than
the results of the comparisons. One of the major benefits of the
DBN with filtering is that both the actuator and the sensor models
are used for estimation with real-time sensor feedback, while the
curve fitting and the RNN use only either of them with a forward
model. Moreover, rather than using only the forward actuator
model [see Fig. 10(d)], the filtering process combined with an
EKF or a PF using the sensor model improved the accuracy.
Finally, our approach showed improved result compared to the
conventional SS model with the EKF. There are three specific
reasons that the DBN with filtering outperformed the others.
First, the curve fitting did not model the hysteretic behavior of
the system; it only mapped the input to the current output state
without including any property of history. Second, although the
RNN was able to model the hysteresis, sudden unwanted peaks
appeared in the estimation mostly at the boundaries where the
input signal changed its direction, as shown in Fig. 10(c). Third,
use of both the actuator and the sensor models helped decreasing
the error levels using GPR and Val. Especially, introducing
previous input u; 1 in the actuator model and tuple {z;_1,y;—1}
in the sensor model efficiently expressed the hysteresis than
conventional SS filtering method. Finally, the DBN reflected the
uncertainty of the system in the model when used with filtering
as demonstrated with the perturbation offset. Even though the
perturbation might disturb the actuator model, the sensor model
was able to cancel the effect with filtering.

Compared to the forward DBN model with GPR, the accuracy
was improved in GPR and Val when filtering techniques, such
as an EKF and a PF were used, since they successfully followed
the peak values, as shown in Fig. 10(d) through (f). In Test 3,
both filtering processes were able to capture the offset in the
input and the error in the actuator model was recovered by
the filtering. GPR-EKF showed a better performance in Tests 1
and 2, while Val-PF showed better performance in Test 3. As
the PF uses the Monte Carlo sampling approach, its filter-
ing may not be absolutely optimal. Nevertheless, Val-PF was
more powerful, capturing the perturbations by the resampling
process.

The probability box model of the hysteresis function in our
experimental setting was similar to a Gaussian model, as shown
in Fig. 11, which is the probability distribution of the curvature
of the actuator in the histogram. The sampled values were
smoothed by a nonparametric regression technique, showing
that the actual model would be similar to a Gaussian distribution,
with a weak evidence of a multimodal behavior. This means that
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Fig. 10. Results showing the representative state signals from five tests, estimated by five different methods. (a) Polynomial fitting that maps directly from u

(input) to ¢ (state). (b) Comparison study using conventional state-space approach with an EKF. (c) RNN that maps the past inputs u;_g.¢ to state x;. (d) GPR
that uses our hysteresis mapping {u¢, ut—1,2+—1} to z¢. (¢) GPR model with EKF. (f) Val model with PF.

TABLE I
RESULT OF THE VALIDATION EXPERIMENT IN AVERAGE (STANDARD DEVIATION)

Comparison DBN + Filtering
nRMSE(%) —poFit — SS+EKE RNN  GPR (DBN) | GPR+EKF  Val4PF

Test 1 8.77 (0.03)  5.50 (0.04) 3.53 (0.18) 2.45 (0.01) 0.69 (0.04)  1.22 (0.05)

Test 2 8.39 (0.04) 4.68 (0.03) 2.57 (0.29) 1.34 (0.01) 0.67 (0.09)  0.83 (0.04)

Test 3 6.08 (0.02) 3.88 (0.06) 4.13 (0.11) 2.86 (0.02) 2.09 (0.17)  1.15 (0.07)

Overall 810 (0.03) 481 (0.05) 3.21(0.18) 2.05(0.01) | .12 (0.14) 1.0 (0.02)
120 , : — 0.25 GPR-EKEF can be an alternative to Val-PF when the hysteresis

-Z"” Data_ level is not dominant.
aussian . . . .
100 0.2 Finally, the effect of the PF is shown in Fig. 12. The PF
" 1 f gg(l)g procedure consists of three steps: sampling from the dynamics
¢ g=5 015 © model p(x;41 | @, ut, us—1), weighting from the sensor model
E- o | n‘% (Yt | ¢, x4-1,y+—1), and resampling using the previous results,
3 o = as shown in Algorithm 1. In this procedure, the tip position x4
* a0t < is first sampled from the previous filtering data and the new input
pressure data, as shown in Fig. 12(a). Given the sensor output
0.05 , . .
201 value, each sample’s weight was calculated next proportional to
the likelihood of the sensor data of the corresponding samples, as
0 O . . . . .

B4 Bie O4E 02 b2 DA 6se visualized in Fig. 12(b). Th'e weight r.esults show th.a.t the values
State (rad) between 0.49 and 0.495 yield the highest probability of 0.43.
The samples are then resampled by reflecting the weights. The
Fig. 11.  Histogram of the sampled population of the variational inference in result is shown in Fig. 12(c). The POSteTiOT value after ﬁltering

the dynamics model with the input signal from 20 s in Fig. 10(f).

has recovered its reference value correctly.
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Fig. 12. Resampling procedure of PF with testing signal from 35.5 s in
Fig. 10(f). (a) Result of the generative network of the dynamics model (B
in Algorithm 1) in histogram. (b) Corresponding likelihood of the sensor model
(W4 in Algorithm 1). (c) Resampling result in histogram.
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Fig. 13.  (a) Hysteresis curve between input  and state x. (b) Temporal flows

of one of the hidden variables z from the encoder part of the dynamics model
p(Tes1 | T, ue—1,ur).

VII. DISCUSSION

This section provides analysis on the trained latent variables to
check if the effect of the hysteresis has been effectively modeled
in our approach. In addition, issues in filtering, stability for
implementation, and expansion to multiple inputs and outputs
are discussed.

A. Temporal Flow and Analysis

Fig. 13 shows the temporal flow of the first latent variable
z among three of the trained latent variables. Different colors
in Fig. 13(a) indicate different input speeds, linearly increasing
or decreasing, and the labels (i)—(iv) indicate the four parts in
the hysteresis curve. Fig. 13(b) shows that the magnitude of
the latent variable was capable of classifying the four phases
in the hysteresis curve. The latent variable also catched the
increasing speed of the input, where the system under the highest
increasing input had the largest magnitude. As aresult, the latent
variable clearly classified the property of the directionality in the
hysteresis loop as well as the rate dependency.
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B. Real Time Filtering

It is important to use the state estimator online to perform
a complex task, such as feedback control. However, there are
issues in online implementation of the proposed method.

When we model the system in a discrete-time domain, the
sampling frequency of the operating system is critical, and we
need to use the same sampling frequency for gathering training
dataset and also for real-time state estimation.

Due to the delay in the microcontroller and the computing
time of the software, the sampling frequency for training might
be lower than that for testing.

In GPR-EKF, GPR prediction includes vector calculations,
and the EKF needs a matrix inversion process. In Val-PF, Val
processes need iterations of sampling and calculation. The av-
erage time consumed for real-time filtering for a single step
was 0.028 and 0.039 s for GPR-EKF and Val-PF, respectively.
As a result, we need to set a fixed time delay when gathering
the training dataset to match the sampling frequencies for both
training and testing.

C. Stability

The stability of the filtering algorithm is also an issue when
implementing the DBN to an actual robot system. For example,
let’s assume a situation of a large perturbation (i.e., a perturbation
that exceeds the variance level of the trained model) in which
a new input or output state is given in a form that has never
been trained before. In this case, an ANN that especially uses
the Adam optimizer may return strange output values that do
not match the real behavior of the robot. This may induce
divergence of the filtered values, which can be problematic
to the system. Therefore, the training dataset should contain
possible perturbation or noise issues that could occur during
testing. In this case, an advanced exploration techniques, such
as entropy adaptation, sampling, or bootstrapping, may be useful
to improve the quality of the training dataset additionally [53],
[54].

D. Expansion to Multi-Input Multi-Output (MIMO) Case

In our application, we showed the feasibility of implementing
filtering techniques to a SISO soft system. If the number of actua-
tors increases, the first thing to consider is the state observability.
Since the proprioceptive feedback of an actuator is provided in
general by the corresponding sensor integrated in the actuator,
the solution is to make a neural network for each actuator-sensor
combination. However, if the system is not fully observable, state
estimation is not achievable.

If the system is observable, there are two ways of collecting
data and estimating the state. First, if the data is individually
collected in the actuator level (i.e., collect individual input-state-
output tuples), the task state can be determined by concatenation
of each internal state in which the whole model shows an additive
behavior. Second, if the data are globally collected in the system
level, the global input dimension should be three times the
number of the actuators. This can be done by the previous
data-driven work and applicable to our setting [10], [14].
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VIII. CONCLUSION

In this article, we proposed a method of deriving probabilistic
models for soft robot systems in a DBN. Our approach assumes
that the distribution of the hysteresis output is dependent on its
current and previous inputs as well as on the previous output.
This concept was expanded to the actuator and the sensor models
in a soft robot system, and a Bayesian network was established.
The real-world application results supported the reliability of the
proposed algorithm, and the Gaussian modeling and the latent
variable modeling techniques were used for constructing and
filtering the probability box model. This method is beneficial to
the field of soft robotics in three folds. First, we can analyze
hysteresis by using only three inputs to determine the next
state, which was not possible with previous methods based on
machine learning. Second, our method provides information on
the uncertainty level that can be used for safety verification or
stochastic control. Finally, we used both the kinematic model of
the actuator and the proprioceptive sensor model to improve the
performance of state estimation of the soft system, which are
both data-driven. In this case, we have two options, GPR-EKF
and Val-PF, depending on the conditions of the target system.
If nonlinearity and hysteresis are small or limited, we can use
GPR-EKF for quick learning and filtering. Otherwise, Val-PF
is suitable for harsh conditions in which Val can model a more
complex structure, and a PF can deal with high nonlinearity.
Introducing a probabilistic approach to modeling of the behavior
of a soft robot may circumvent ramifications raised in modeling
based on deep learning. We believe that this article will benefit
researchers who are interested in controlling or estimating the
states of a soft system where hysteresis and uncertainty are major
limiting factors in real-world implementation.

Future work will be focused on designing a control system of
a soft robot using the proposed DBN and also considering the
MIMO systems. Control policies will be added to the DBN, and
its structure will be slightly changed. By introducing the stochas-
tic control theory in the sense of reinforcement learning (RL), we
can develop optimal control strategies while guaranteeing that
the state of the robot system is suboptimal by the EKF or the PF
process in terms of a Markov decision process with the hysteresis
setting [55]. In a more complex system, collecting datasets may
be a difficult or tedious process, and thus, a hybrid RL method,
such as guided policy search, may also be considered [56], [57].
Since the Gaussian process dynamics of stochastic states (z;)
and inputs (u,) may lead to non-Gaussian state prediction (x,41)
when a Gaussian model is used, advanced techniques, such
as moment matching, is prerequisite [58]. Finally, to be ready
for mass production of soft robots or soft sensors, calibration
of those systems based on transfer learning will be useful for
modeling the actuator and the sensor models [8].
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