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Abstract—In this paper we explore kinematics ranging from
anguilliform to thunniform achieved in a self-sensing multi-
degree-of-freedom soft robotic fish and analyze the effect of
them on the swimming. First, we examine the characteristics
of the bending actuators of the robotic fish. Then, we express
the kinematics of the fish as a propagating wave parameterized
by three bending amplitudes and a wavelength, which are
determined by the flow rates and phase shift of the pumps. We
capture various motion patterns generated by different actuator
inputs and directly measure the thrust generated by each
pattern. We observe that the robotic swimmer can reproduce
two different modes of propulsion, that are embodied by two
distinct morphological patterns in nature: anguilliform and
thunniform. When neither of modes are activated, propulsion
is zero or even negative. Finally, we estimate the stationary
swimming speed by towing the undulating fish, which satisfies
the slip condition (with the speed of the body wave matching
the swimming velocity). The analysis of a wide range of
kinematic patterns in this study, including two extreme cases
of anguilliform and thunniform modes, will provide insights
for comprehensive understanding the mechanics of efficient
swimming.

I. INTRODUCTION

Biological fish propel themselves by undulating (i.e., bend-
ing parts of their body at specific timing to generate thrust)
to push against the water. This fluid-body interaction is
affected by a variety of factors, including the hydrodynamic
condition of the surrounding flow [1], the anatomy of the
skeletal system, the kinematics determined by distributed
muscle activation [2], and the mechanical properties of the
skin [3]. For decades, robotics has played an important
role in understanding these complex interactions. A con-
ceptual or functional analogue of the fish (i.e., a robotic
fish) allows us to observe and control a wide range of
the variables of interest [4]. For example, we can directly
measure variables that are otherwise difficult to observe
with animals, such as the thrust they generate or the drag
they experience while moving through water. Conversely,
the knowledge acquired with these “biorobotic” studies [4]
promotes the development of underwater robotic systems
with improved performance [5], [6], [7], [8]. One important
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space of research into biological swimming relates to how
fish control their kinematics to generate thrust. Research has
revealed much about the relationships between morphology
of their bodies or fins, kinematics, and generated thrust [9].
Based on these findings, various robotic fishes have been
developed [10], [11], [12], [13].
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Eel A=0.5L A¥0,75L A=L A=1.25L A=1.5L Tuna

Fig. 1. Superimposed images and silhouettes of the robotic fish with various
wavelengths (A=0.5L, 0.75L, L, 1.25L, 1.5L) in one tail-beat cycle (L:
Length of the body).

Despite these advances, there is still a critical gap between
the performance of biological swimming and its robotic
replications. Biological fish use the muscles distributed along
their bodies to orchestrate bending that results in traveling
waves that propagate from their heads to their tails [14],
[10], [15]. The shape and speed of the traveling waves are
determined by when (muscle activation time) and how much
(bending angle) fish bend parts of the body. Researchers
have observed wide variation in these kinematics between
species [16] and have studied their effects on swimming
performance. One study proved that nearly every muscle
contributes to propulsion for all species [14], while another
observed that fishes rarely activate the anterior muscles when
they are swimming slowly [17] and only the posterior part
of the body contributes in producing vorticity [9].

These comparative approaches to investigate the complex
kinematics in biological fishes, however, have limitations.
Most significantly, it is hard to compare kinematics between
species that have different anatomies [14]. The field of
biorobotics proposes a resolution to this problem by de-
veloping a platform that can independently control multiple
segments of the body [18]. A study with an array of fluidic
actuators that mimicked an eel related the overall undulatory
amplitude of the swimmer to the thrust, while keeping
the wavelength constant [19]. The effect of the wavelength
on swimming was reported by two individual works on
a pneumatically driven soft robot [13] and a rigid robot
with multiple servomotors [20]. The former work also found
that the anterior motion affected the swimming velocity and
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efficiency [13]. However, none of the these examined the
performance while all the segments along the body were
independently controlled. Also, all these works evaluated
performance based on the swimming velocity but did not
directly measure the thrust generated.

In this study, we leverage a custom soft robotic fish with
three independently controllable segments to explore the
multi-DoF swimming kinematics and their effect on under-
water propulsion. We approximate the complex kinematics
observed in biology as a combination of nonuniform bending
angles of the segments and overall wavelength. The robotic
fish presents various wave propagation patterns (Fig. 1)
depending on these kinematic parameters. To evaluate how
these parameters affect the performance, we directly measure
the thrust and discuss the relation of the shape of the
undulation to the propulsion. We also estimate its swimming
speed by measuring the forces while towing the undulating
robotic fish through water.

II. SELF-SENSING HYDRAULIC BENDING ACTUATOR

In this section, we describe the design of the actuator
modules with embedded sensors that make up the robotic fish
and enable multi-DoF bending with real-time observation.
The design and fabrication of the actuators builds on our
previous work [21], in which we proposed a method to
ensure consistent fabrication of the actuator modules and
demonstrated a preliminary version of the assembled robot.
In the current work, we modified this module design to add
a bending sensor for closed-loop control and fault detection
and integrated a hydraulic subsystem and controllers into the
system. In the later sections, we test the assembled robotic
fish generating a variety of swimming motions (see Fig. 1).
In this section, we first examine the bending motions of the
actuator module and the response of the sensor to different
oscillation frequencies.

A. Design and bending motion

Fig. 2(a) shows the design of the actuator with the embed-
ded bending sensor. The details of the design and fabrication,
especially of the internal chambers that are filled with water
that drive the bending motion, are similar to those that we
have reported previously [21]. The two internal chambers
were connected through a hydraulic pump (MGD1000 Series
F, TCS Micropumps) that sends water from one side to the
other to create a bending motion by expanding or contracting
the volume of each chamber. A commercially available
bending sensor (Bi-directional Flex Sensor, Flexpoint Sensor
Systems) was attached to the flexible constraint layer at the
center of the actuator with flexible adhesive (Loctite Vinyl,
Fabric & Plastic Repair, Loctite). We assumed that the central
axis of the actuator bent with a constant curvature [2], [21].
We defined the bending angle of an actuator as the central
angle of the arc formed by the central axis (see Fig. 2(b)). In
the neutral position (straight), the bending angle was defined
to be zero.
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Fig. 2. Characterization of the self-sensing bending actuator. (a) Design
of the actuator. (b) Bending angle defined as the central angle of the arc
created by the actuator. (c) Time series (i) and peak-to-peak amplitudes (ii)
of the bending angles of the actuator oscillating in three different frequencies
(0.50, 0.75, 1.00 Hz). The error bars represent the standard deviations. (d)
Corresponding sensor signals (change of the resistance divided by the initial
resistance, AR/ Rg) during the oscillations with the best fit line by least-
squares method.

B. Frequency response

Fig. 2(c) shows the time series (i) with peak-to-peak
amplitudes (ii) of the bending angle of the actuator under
a constant water flow input (1150 mL/min) that was switch-
ing direction at three different frequencies (1.00 Hz, then
0.75 Hz, then 0.50 Hz). From the time series, we con-
firmed that the bending angle was continuously increasing
or decreasing with time before flow switched direction for
each frequency. Therefore, the peak-to-peak bending angle
became smaller as the frequency increased. Based on this
observation and considering the limited maximum flow rate
(1150 mL/min) of the pump, we decided to operate the
actuators at the lowest frequency (0.5 Hz) for the rest of
this study to allow them to achieve sufficiently large bending
angles for swimming.

The resistance of the sensor increased or decreased de-
pending on the change of the bending angle in two ways
(see Fig. 2(d)). First, the sensitivity was different for each
direction, which is due to the mechanism of the sensor that
measures the change of the resistance caused by the micro-
cracks in the conductive ink coated on the thin film [22].
Second, we observed hysteresis dependent on the rate of
actuation, which must be considered for accurate estimation
of the bending angles.
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III. MULTI-DOF KINEMATICS

In this section, we discuss the multi-DoF kinematics of
the undulating robotic fish. We generated various waveforms
along the body by varying the inputs to the three actuators
(see Fig. 1). We first model these multi-DoF kinematics,
and then through experiments, we investigate the wide range
of kinematic modes of swimming that our robotic fish can
generate.

A. Kinematic parameters

In the literature, time-varying undulation of a swimming
fish has often been approximated as a sinusoidal wave [23]

y(x,t) = ay(x)sin2w (ft — ;), (1)

where y is the displacement of the midline, z is the po-
sition along the body length, ai(z) is the amplitude of
the undulation, f is the frequency of oscillation, and A
is the wavelength. Throughout this work, as mentioned in
Section II, we fixed the frequency of oscillation to be 0.5 Hz.
The amplitude and the wavelength of the undulation in our
robotic fish depend on the bending angles and the phases of
the three actuators, respectively. Then, the kinematics of the
robotic fish can be described as follows:

y(xv t) = a2($|91, 02, 63)8Z7’L(7Tt - QZS(IE)), (2)

where 61, 02, 03, and ¢(x) represent the maximum bending
angles and the phases of the actuators. We can manipulate
these kinematics by changing the rates of flow of water into
the actuators (A;) and the phase differences (¢) between
them, i.e.,

91' = Hz(Az)a A= (27T/¢)La, (3)

where L, is the length of the actuator. In other words,
we input the flow rates (A4;) and the phase differences (¢)
to control the bending angles (61, 02, 03; and thus the
amplitudes of the lateral motion) and the wavelength (\) of
the undulating fish.

B. Experimental setup and assembled robotic fish

To measure the correlation between kinematics of the
robotic fish, and the corresponding thrust force, we devel-
oped a custom robotic testbed (see Fig. 3). We fixed the head
of the robotic fish in a water tank to a robotic arm (UR16e,
Universal Robots). Between the arm and the fish, we placed
a load cell (F/T Sensor Delta, ATI Industrial Automation)
to measure the forces acting on the fish (see Section IV).
To capture the bending angles of each segment, we used a
tilted mirror below the water tank to reflect the bottom of the
fish and recorded videos of it using a camera. The robotic
fish was structured with a rigid head, three actuators, and a
passive tail, that were connected in series by rigid couples.
Each actuator was in the form of an elliptic cylinder with
a major axis of 66 mm, a minor axis of 40 mm, and a
length of 80 mm. The couples were 12 mm long. The total
length of the fish was 428 mm from the head to the tail. At
each couple, we attached two tracking markers to calculate
the bending angles of the actuators from the captured video.
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Fig. 3. Experiment for characterization and evaluation of the swimming
performance of the robotic fish. (a) Setup for measuring the kinematics and
the forces while the fish was undulating and/or towed by a robot arm. (b)
Side and bottom view of the assembled robotic fish. (c) Representative time
series of the bending angles and corresponding sensor signals measured
from the three actuators of the robot during the experiment.

Fig. 3(c) shows an example of the calculated bending angles
and the corresponding sensor signals collected while the fish
was swimming.

C. Results

As previously mentioned, the kinematics of the robotic
fish were determined by the rates of flow of water into the
actuators and the phase differences between each, resulting in
varied bending angles and wavelengths. To explore the effect
of these actuator inputs on the kinematics, we graphically
compared the trajectories of the mid-line of the fish generated
by a wide range of inputs (Fig. 4).

We first selected five phase differences (mw, 27/3, n/2,
27w/5, mw/3) that resulted in five wavelengths (0.5L, 0.75L,
L, 1.5L, 2L, where L is the length of the body). We then
defined four combinations of the flow rates that resulted in
four representative distributions of amplitudes of the lateral
motion of the three actuators: balanced; anterior-focused;
middle-focused; and posterior-focused flow rate distributions
(see Table I). We set the sum of the flow rates of the actuators
to be constant, so that we could compare the kinematics
independent from the total power input.

We examined the kinematics according to these actuator
inputs in simulation and experiment. Fig. 4(a) shows the

Flow rate Posterior Middle Anterior

(mL/min) actuator actuator actuator Sum

Balanced 383 383 383 1150

Anterior-focused 128 383 639 1150

Middle-focused 256 639 256 1150

Posterior-focused 639 383 128 1150
TABLE I

COMBINATIONS OF THE WATER FLOW RATES FOR THREE ACTUATORS.
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Simulation Experiment
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Fig. 4. Mid-line kinematics of the robotic fish and generated thrusts. (a) Simulated mid-line kinematics of the robotic fish. Time series of the input
bending angles of the three actuators with balanced flow rate (see Table I) and five phase shifts (i), resulting in distinct mid-line kinematics with five
different wavelengths (A=0.5L, 0.75L, L, 1.25L, 1.5L) (ii). (b) Experimentally measured mid-line kinematics of the robotic fish for various inputs to the
actuators. Each row represents the different wavelength of the undulating body, while each column represents a different distribution of flow rates to the
modules: balanced (i), posterior-focused (ii), middle-focused (iii), and anterior-focused (iv). The background color of each subfigure represents the average

thrust generated in one tail beat cycle, as is discussed in Section IV.
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Fig. 5. Thrust generated by the undulating robotic fish with a fixed head. (a) Representative time series of the thrust (A = L, anterior-focused actuation).
(b) Average thrust generated in two tail beat cycles with five wavelengths and four combinations of flow rates.

time series of bending angles and resulting trajectories of
the mid-line of the fish in one tail beat cycle, given the five
wavelengths and balanced flow rates. Even though the total
flow rate into the actuators was the same in each case, they
displayed completely different kinematics. In particular, the
amplitude of the tail fluctuation—which plays an important
role in pushing water backward and propelling the body
forward—varied widely. This variation suggests we should
expect a similarly large variation in propulsion, which we
discuss in the next section.

Fig. 4(b) depicts the the experimental mid-line kinematics
exhibited by our robotic fish. First of all, the results for
balanced flow rates (i) were similar to the results from
the simulation, which implies that the robotic fish could

reproduce the desired motion well. A dominant cause of
the simulation-to-reality gap that still existed would be the
resistance and damping from the water and the inherent
asymmetry of the robot.

As with the simulation, the experiments revealed a variety
of kinematics, including in the amplitude of the tail motion.
Especially in the case of A=0.5L, there were two character-
istics that distinguished it from the other cases. First, the
undulation of the fish was almost stationary and did not
propagate along the body (see the supplementary video).
This observation allowed us to infer the boundary conditions
of the undulation, which were obviously closed at the fixed
head as well as at the interface between the posterior actuator
and the tail. Second, in the case of the posterior-focused or
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middle-focused flow rates, the lateral amplitude of the tail
was smaller than that of the anterior bodies, which does
not appear in biological fishes. Each of these two distinct
characteristics had a negative effect on propulsion, which
will be discussed more in detail in the next section.

IV. THRUST, DRAG, AND FREE-SWIMMING VELOCITY
A. Experiments overview

Swimmers that undulate their bodies, including our robotic
fish, generate thrust by propagating waves along their body
in the direction opposite to the direction of motion. These
waves generate vortical structures along the body that form
a jet comprised of vortex pairs that propagate downstream.
Depending on the ratio of the swimming velocity (U) to
the speed of the wave (V'), which is referred to as the slip
(U/V), they enable both acceleration and deceleration [24].
Biological fish control their locomotion by adjusting the slip;
for example, they increase the speed of the traveling wave
to be larger than their swimming velocity to accelerate. On
the other hand, when the slip is larger than or equal to one,
they decelerate or swim at a constant velocity.

In this section, we evaluate the propulsion of the robotic
fish in two ways using the load cell and the robot arm in
Fig. 3. First, without relative movement between the fish and
the flow (U=0), we measure the thrust generated by the fish
according to the kinematics presented in Section III. This
allows us to focus on the effect of the kinematics on thrust
by minimizing other hydrodynamic effects induced by the
undulation. Second, we tow the undulating fish at different
speeds and find the speed when the net force is zero. This
speed is assumed as an estimated free swimming speed, and
then we compare this to the speed where slip becomes one
u=Vv).

B. Fixed propulsion

We measured thrust while the fish was undulating its
body with the range of inputs (combination of flow rates
and wavelengths of undulation) described in Section III and
Fig. 4, with its head being fixed. Fig. 5(a) is an example of
the time series of the thrust for anterior-focused flow rates
with wavelength of undulation \=L. We observed two peaks
in one tail beat cycle (2 seconds) corresponding to the left
and right tail beats. Because of the asymmetry associated
with starting flow, the first peak is weaker than the second
and this pattern persists for later beats.

Fig. 5(b) shows the average thrust in two tail beat cy-
cles, which was also represented as a background color in
Fig. 4. The most notable result was that the anterior-focused
actuation (represented as red markers) generated large thrust
regardless of the wavelengths, even including A=0.5L which,
as we mentioned in Section III, generated a stationary wave.
We attribute this result to the fact that the anterior actuator,
which is farthest from the tail, can always generate a large
fluctuation of the tail (see Fig. 5(b)(ii)). This lateral motion
of the tail allows shedding of strong vortex pairs behind the
body, which are typically observed in thunniform swimming
mode for species like tuna [25]. This is distinct from the
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Fig. 6. Towed propulsion test for measuring net forces and drags on the
robotic fish being towed underwater with (net force) and without (drag)
anterior-focused flow rate and A = L. (a) Schematic of the test. (b) Bar
graphs on the time-averaged net force and the drag during two tail beat
cycles. The error bars represent the standard deviations. (c) Time series of
forces while towing the fish with four velocities. Thin curves represent five
(net force) and three (drag) repeated measurements. Thick curves represent
the averages of the repetitions, each of which were low-pass filtered with
cut-off frequency of 2 Hz to remove vibration of the robot arm.

continuously propagating waves in motions of anguilliform
swimmers such as eels. We found the lateral amplitude of
the tail had a strong positive effect on the thrust generated
(see Fig. 5(b)(iii)). We expect that the influence of the
oscillating tail on the thrust (represented in red markers in
the figure) was as important as that of the propagating wave
(represented as black and green markers with relatively small
tail amplitudes but comparable thrusts).

In the same context, for the case of the negative thrust for
middle-focused and posterior-focused flow rates with A=0.5L
which we briefly discussed in Section III, there was little
tail fluctuation and the wave was stationary, so little thrust
would have been generated since neither the thunniform nor
anguilliform propulsion were engaged. Moreover, the lateral
motion of the central part of the body may result in a forward
propagating vortex pair with an associated negative thrust.

C. Towed propulsion

We then evaluated the performance of swimming when
there was a relative motion to the water. We towed the
undulating fish with constant velocities while measuring the
net force (Fig. 6(a)). We selected the anterior-focused flow
rate and A\=L. The colored bars in Fig. 6(b) represent the
time average of the net force during two tail beat cycles (the
time series are in Fig. 6(c)). The positive sign indicates force
in the forward direction. The net force became more negative
as towing velocity increased, since the drag which increases
in the negative direction as velocity becomes larger is added
to the thrust determining the net force as:

Fret = Fihrust + Fdrag~ 4

To estimate the effect of drag, we conducted the same
experiment on the robot with all the actuators turned off
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(black bars and curves in Fig. 6(b) and (c)). However, the
separation of thrust or drag is more complicated than this
approach because of the passive flapping or vortex shedding;
the fluctuation in flow would lead to a larger drag than the
one in the static case.

Based on the measured net forces, we predict a free-
swimming velocity of the robot to be 140-180 mm/s, around
which speed the average net force vanishes. This is consistent
with slip theory, which predicts that the free-swim velocity
should be the same as the propagating speed of the undula-
tion, V = fA =(0.5 Hz)(368 mm)=184 mm/s.

V. DISCUSSION
A. Swimming kinematics and thrust generation

In this study, we developed a modular soft robotic fish that
approximated the undulation of biological fishes, explored
the range of kinematics it could generate, and observed the
effect of the kinematics on propulsion by directly measuring
the forces. We found two distinct kinematics that generated
large thrust, which were analogous to the two swimming
modes found in nature: anguilliform and thunniform. This
observation is consistent with the conclusion of a study
that separated the kinematics of fishes into two groups of
anguilliform and the rest [26].

The relationship between the kinematics and thrust in a
robotic fish, which is the main scientific finding of this study,
has been examined by either experimental or simulation-
based approaches. The experimental approaches were mostly
aiming at the motion driven by the caudal fin or posterior
part. Therefore, only the effects of the related parameters,
such as tail beat frequency [27], morphology and compli-
ance [28], [29], were of interest. The importance of the
length and amplitude of the body wave, which also considers
the bending of the anterior part, has only been investigated
in terms of the swimming speed [30], [13]. The direct
evaluation of the thrust depending on those parameters has
only been investigated by numerical simulations [31], [32].
These works predicted that a longer wavelength produces a
larger thrust; we observed that this was only true in balanced,
anterior-focused, and middle-focused actuations (Fig. 5(b))
but not in the posterior-focused case. The discrepancy may
come from the different lateral amplitudes (a;(x) in Equa-
tion 1) in the studies. It connotes the importance of the
spatial distribution of the actuation to the thrust in a robotic
swimmer and opens room for further investigations.

B. Segmented body

The robotic fish in this study used three bending segments
to generate various patterns of undulation. Biological fish,
on the other hand, control their continuously distributed
muscles with complicated spatial and temporal patterns to
generate versatile motions [14]. Researchers have suggested
different methods to recreate this complex movement in
various robotic systems [33], [34], [35], [36], [37], [30].
Some of them could mimic the midline kinematics of fishes
using less than or equal to four rotation joints [26], [38], or
with two bending segments [39], while the relation between

the number of segments and achievable kinematic range has
not yet been evaluated.

Regardless of the structural variations, all the discrete ap-
proximations require properly controlled actuation for better
swimming. For example, for this work, the time trajectory
of the three bending angles has to be thoroughly designed
to achieve a target motion. Here, as shown in Fig. 2(c),
we simply operated the pumps with a constant flow rate to
make a triangular trajectory. For more sophisticated motions,
the embedded bending sensors could enable the closed-loop
control of actuators to follow different trajectories depending
on engineering goals such as biological similarity, swimming
efficiency, etc.

C. Opportunities for future work

1) Free swimming: In this study, we fixed the head of the
fish to measure the forces while it was undulating. In fact,
fishes engage their heads in motion to start, to swim, or to
align the body to minimize energy expenditure [40], [41].
The constraint in the head motion might have simplified the
overall motion and resulted in linear relation between the
thrust and the tail amplitude regardless of the wavelength
(Fig. 5(b)(iii)). Future work could fill this gap by letting the
swimmer freely move. However, a direct measurement of
the forces would not be possible in this case, and accurate
hydrodynamic simulations would be required to predict them.

2) Hydrodynamic considerations: As noted previously,
thrust generation in fish swimming is associated with cou-
pling between undulating motions and vorticity generated
along the body. The propagation of these vortices and the
associated thrust is likely to be modified by a nonzero
swimming velocity (U#0). On top of the experimental
results of the towed propulsion test in this study, analysis
of the kinematics of the robotic fish would benefit from
flow visualization and computational simulations that can
highlight interactions of vortical structure. By looking at
those interactions, for example, we may understand why the
thrust generated by the posterior-focused actuation did not
increase for longer wavelengths (Fig. 5(b)) [31].

3) Advanced robotic swimmers: Building on the conclu-
sion of this study that the two distinct kinematic patterns
enable efficient underwater propulsion, further advances in
robotic swimming can be made. For example, the number
of the actuators can be reduced by designing a custom
fluidic circuit to couple the actuators to generate the most
efficient actuation modes revealed here, while using less
power consumption. Also, exploring more design variables
on top of the fixed actuation mode, such as the shape of
the body, skin roughness [42], will provide opportunities to
improve swimming performance such as speed and thrust.
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